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Abstract. We compute some value of the harmonic volume for the
Fermat sextic. Using this computation, we prove that some special
algebraic cycle in the Jacobian variety of the Fermat sextic is not
algebraically equivalent to zero.
1. Introduction
B. Harris [5] deﬁned the harmonic volume for the compact Riemann surface
X of genus gb 3, using Chen’s iterated integrals [2]. Let JðX Þ be the Jacobian
variety of X . By the Abel-Jacobi map X ! JðXÞ, X is embedded in JðXÞ. By a
consideration of the special harmonic volume, Harris [6] proved that the algebraic
cycle Fð4Þ  Fð4Þ is not algebraically equivalent to zero in JðF ð4ÞÞ. Here, Fð4Þ
is the Fermat quartic, which is a compact Riemann surface of genus 3. Ceresa [1]
showed that the algebraic cycle X  X is not algebraically equivalent to zero in
JðXÞ for a generic X . We know few explicit nontrivial examples except for Fð4Þ.
Harris [7] used the special feature of Fð4Þ that its normalized period matrix has
entries in a discrete subring of C. The Fermat sextic Fð6Þ has the same feature.
We use this and prove
Theorem 4.3. Let F ð6Þ be the Fermat sextic. Then, the algebraic cycle
Fð6Þ  Fð6Þ is not algebraically equivalent to zero in JðF ð6ÞÞ.
We compute iterated integrals with some common base point of F ð6Þ. This
is a similar computation of Tretko¤ and Tretko¤ [10]. In order to compute the
Poincare´ dual of F ð6Þ, we use the result of Kamata [8] for the intersection
number of the ﬁrst integral homology class of the Fermat curves. It is di‰cult to
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apply Harris’ method to other Fermat curves. We guess that we need to extend
the harmonic volume, but it has not been extended so far. We [9] proved the
same fact as the Klein quartic, but we did not use the above special feature.
Now we describe the contents of this paper brieﬂy. In § 2, we recall the
deﬁnition and fundamental properties of the harmonic volume and algebraic cycle
in JðX Þ. § 3 is devoted to the computation of iterated integrals of the Fermat
curves. In the latter half of this section, we prove that iterated integrals on those
curves are represented by some special values of the generalized hypergeometric
function 3F2. It was introduced in [9] but not proved. In § 4, we prove Main
Theorem, using the numerical calculation by the Mathematica program.
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2. Harmonic Volumes and Algebraic Cycles
Let R be a discrete subring of C. We suppose that all the entries of the
period matrix of the compact Riemann surface X can be reduced to elements of
R. Harris [7] pointed out that we may replace Z½ ﬃﬃﬃﬃﬃﬃ1p  for the Fermat quartic in
Harris’ method in [6] with R. We recall the harmonic volume for such X as
follows. Let H 1;0R denote the space of homolophic 1-forms on X with R-periods.
It is a g-dimensional C-vector space. We choose a basis fK1;K2; . . . ;K2gg of the
ﬁrst integral homology group H1ðX ;ZÞ of X .
Definition 2.1 ([7]). The harmonic volume is deﬁned to be the homo-
morphism ðH 1;0R ÞnR3 ! C=R by
IRðo1no2no3Þ ¼
X2g
r¼1
ar
ð
Cr
o1o2 mod R:
Here o1no2no3 is an element of ðH 1;0R ÞnR3, Cr is a loop in X at the ﬁxed base
point x0 whose homology class is Kr, and the Poincare´ dual of o3 is equal toP2g
r¼1
arKr ðar A CÞ. The integral
Ð
Cr
o1o2 is Chen’s iterated integral [2], that is,Ð
Cr
o1o2 ¼
Ð
0at1at2a1
f1ðt1Þ f2ðt2Þ dt1dt2 for C r oi ¼ fiðtÞ dt, i ¼ 1; 2, where t is the
coordinate in the unit interval ½0; 1.
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We remark that IR dose not depend on the choice of the base point x0. It is a
modiﬁed version of the original harmonic volume I . See Harris [5] for I .
Let J ¼ JðX Þ be the Jacobian variety of X . By the Abel-Jacobi map
X ! JðXÞ, X is embedded in JðX Þ. The algebraic 1-cycle X  X in JðX Þ is
homologous to zero. Here we denote by X the image of X under the mul-
tiplication map by 1. We recall the relation between the harmonic volume and
algebraic 1-cycle X  X in J. We say the algebraic cycle X  X is algebraically
equivalent to zero in J if there exists a topological 3-chain W such that
qW ¼ X  X and W lies on S, where S is an algebraic (or complex analytic)
subset of J of complex dimension 2 (Harris [7]). The chain W is unique up to
3-cycles. Harris proved the key theorem.
Theorem 2.2 (Section 2.7 in [7]). If the algebraic cycle X  X is alge-
braically equivalent to zero in J, then 2IRðoÞ1 0 modulo R for any
o A ðH 1;0R ÞnR3.
See Harris [6, 7] for details. In § 4, we ﬁnd some element o A ðH 1;0R ÞnR3 such
that 2IRðoÞD 0 modulo R for the Fermat sextic.
3. Iterated Integrals of the Fermat Curves
In this section we compute iterated integrals of the Fermat curves. Let H 1;0
denote the space of holomorphic 1-forms on X . We choose a basis fo1;o2; . . . ;
ogg of H 1;0. Let g be a loop in X at some base point. We remark that the
iterated integral
Ð
g
oioj depends on the choice of the base points and is invariant
under homotopy relative a ﬁxed base point. This iterated integral and the
quadratic period deﬁned by Gunning [4] are essentially same except for the sign.
For N A Zb3, let F ðNÞ ¼ fðX : Y : ZÞ A CP2;XN þ Y N ¼ ZNg denote the
Fermat curve of degree N, which is a compact Riemann surface of genus
ðN  1ÞðN  2Þ=2. Let x and y denote X=Z and Y=Z respectively. The equa-
tion X N þ Y N ¼ ZN induces xN þ yN ¼ 1. Using this coordinate ðx; yÞ A FðNÞ,
the holomorphic map p : FðNÞ ! CP1 is deﬁned by pðx; yÞ ¼ x. It is clear that
p is an N-sheeted covering F ðNÞ ! CP1, branched over N branch points
fz iNgi¼0;1;...;N1HCP1. Here zN denotes expð2p
ﬃﬃﬃﬃﬃﬃ1p =NÞ. Holomorphic auto-
morphisms a and b of F ðNÞ are deﬁned by aðX : Y : ZÞ ¼ ðzNX : Y : ZÞ and
bðX : Y : ZÞ ¼ ðX : zNY : ZÞ respectively. We have that ab ¼ ba and the sub-
group of the holomorphic automorphisms of FðNÞ which is generated by a and b
is isomorphic to ðZ=NZÞ  ðZ=NZÞ. Let Pi and Qi denote a ið1; 0Þ and b ið0; 1Þ,
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i ¼ 0; 1; . . . ;N  1 respectively. We deﬁne a simply connected domain W by
Cn6 j¼N1
j¼0 ftz j; tb 1; t A Rg. Then p1ðWÞ consists of N path-connected com-
ponents and we denote by Wi a connected component of p
1ðWÞ which contains
Qi, i ¼ 0; 1; . . . ;N  1. Let g0 be a path ½0; 1 C t 7! ðt;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 tNN
p
Þ A FðNÞ, whereﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 tNN
p
is a real nonnegative analytic function on ½0; 1. A loop in FðNÞ is
deﬁned by
k0 ¼ g0  ðbg0Þ1  ðabg0Þ  ðag0Þ1;
where the product l1  l2 indicates that we traverse l1 ﬁrst, then l2. We consider
a loop a ib jk0 as an element of the ﬁrst homology group H1ðF ðNÞ;ZÞ of
F ðNÞ. Kamata obtained the following lemma for the intersection number of
H1ðF ðNÞ;ZÞ.
Lemma 3.1 (Section 5 in [8]). We have
ðk0; ak0Þ ¼ 1 ¼ ðak0; k0Þ
ðk0; bk0Þ ¼ 1 ¼ ðbk0; k0Þ
ðk0; abk0Þ ¼ 1 ¼ ðabk0; k0Þ
ðk0; ab1k0Þ ¼ 0 ¼ ðab1k0; k0Þ:
8>><
>>:
From this lemma, it is to show
Proposition 3.2 (Section 5 in [8]). We have fa ib jk0gi¼0;1;...;N3; j¼0;1;...;N2 is
a basis of H1ðFðNÞ;ZÞ.
Remark 3.3. Intersection matrix of fa ib jk0gi¼0;1;...;N3; j¼0;1;...;N2 is given
by K in case (i) in [8].
It is a known fact that fo 0r; s ¼ xr1ys1 dx=yN1gr; sb1; rþsaN1 is a basis of
H 1;0 of FðNÞ. The beta function Bðu; vÞ is deﬁned by Ð 10 tu1ð1 tÞv1dt for
u; v > 0. It is clear thatð
a ib jg0
o 0r; s ¼ z irþjsN
ð
g0
o 0r; s ¼ z irþjsN
Bðr=N; s=NÞ
N
:
The integral of o 0r; s along a
ib jk0 is obtained as follows.
Proposition 3.4 (Appendix in [3]). We haveð
a ib jk0
o 0r; s ¼ Bðr=N; s=NÞð1 zrNÞð1 zsNÞz irþjsN =N:
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We denote the 1-form No 0r; s=B
N
r; s by or; s. Here, B
N
r; s ¼ Bðr=N; s=NÞ. This
implies
Ð
a ib jk0
or; s A Z½zN .
Let fr; s be a real 1-form on ½0; 1 deﬁned by g0o 0r; s ¼ tr1ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 tNN
p
ÞsN dt for
r; sb 1, rþ saN  1. The iterated integral Ð
g0
or; sol;m ¼ N 2
Ð
g
fr; s fl;m=ðBNr; sBNl;mÞ
is denoted by xr; s; l;m. Here, g is the path ½0; 1 C t 7! t A ½0; 1. Iterated integrals of
or; s along the loop a
ib jk0 can be computed.
Lemma 3.5. We consider a ib jk0 as a loop at the base point Qj. Then the
iterated integral
Ð
a ib jk0
or; sol;m is given by
z
iðrþlÞþjðsþmÞ
N fð1 zrþlN Þð1 zsþmN Þxr; s; l;m þ ð1 zsNÞðzrþlN þ z lþmN  zmN  z lNÞg:
Proof. It is clear that
Ð
a ib jk0
or; sol;m ¼ z iðrþlÞþjðsþmÞN
Ð
k0
or; sol;m. We have
only to compute
Ð
k0
or; sol;m. We denote ð
Ð
l1
þ Ðl2Þor; sol;m ¼ Ðl1 or; sol;mþÐ
l2
or; sol;m only here.
Proposition 3.4, the equation
Ð
g0
or; s ¼ 1, and
ð
g0
or; sol;m þ
ð
g1
0
or; sol;m þ
ð
g0
or; s
ð
g1
0
ol;m ¼
ð
g0g10
or; sol;m ¼ 0
give us the equation
ð
k0
or; sol;m ¼
ð
g0
þ
ð
ðbg0Þ1
þ
ð
abg0
þ
ð
ðag0Þ1
 !
or; sol;m
þ
ð
g0
or; s
ð
ðbg0Þ1
þ
ð
abg0
þ
ð
ðag0Þ1
 !
ol;m
þ
ð
ðbg0Þ1
or; s
ð
abg0
þ
ð
ðag0Þ1
 !
ol;m þ
ð
abg0
or; s
ð
ðag0Þ1
ol;m
¼
ð
g0
þz sþmN
ð
g1
0
þzrþsþlþmN
ð
g0
þzrþlN
ð
g1
0
 !
or; sol;m
þ
ð
g0
or; s zmN
ð
g0
þz lþmN
ð
g0
z lN
ð
g0
 !
ol;m
 zsN
ð
g0
or; s z
lþm
N
ð
g0
z lN
ð
g0
 !
ol;m  z rþsN
ð
g0
or; s
 !
z lN
ð
g0
ol;m
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¼ ð1þ zrþsþlþmN Þ
ð
g0
ðzsþmN þ z rþlN Þ
ð
g0
( )
or; sol;m
þ ðzsþmN þ zrþlN Þ
ð
g0
or; s
ð
g0
ol;m
 zmN þ z lþmN  z lN  zsþlþmN þ z sþlN  zrþsþlN
¼ ð1 zrþlN Þð1 zsþmN Þ
ð
g0
or; sol;m
þ ð1 zsNÞðzrþlN þ z lþmN  zmN  z lNÞ: r
We deﬁne a path gj by g0  ðb jg0Þ1. Let gi; j denote the loop gj  ða ib jk0Þ  g1j .
Using the above lemma, we have iterated integrals of or; s along the loop gi; j at
the common base point Q0.
Theorem 3.6. The iterated integral
Ð
gi; j
or; sol;m is given by
z
iðrþlÞþjðsþmÞ
N fð1 z lþrN Þð1 zmþsN Þxr; s; l;m þ ð1 zsNÞðz lþrN þ z lþmN  zmN  z lNÞg
þ ð1 z jsNÞð1 z lNÞð1 zmN Þz ilþjmN  ð1 z jmN Þð1 zrNÞð1 zsNÞz irþjsN :
Tretko¤ and Tretko¤ [10] computed the quadratic periods with another base
point by similar computation.
Proof. We have
ð
gi; j
or; sol;m ¼
ð
a ib jk0
or; sol;m þ
ð
gj
or; s
ð
a ib jk0
ol;m 
ð
a ib jk0
or; s
ð
gj
ol;m:
From this equation and Lemma 3.5, the result follows. r
For the numerical calculation of xr; s; l;m, we recall the generalized hyper-
geometric function 3F2. Let GðtÞ denote the gamma function
Ðy
0 e
ttt1 dt for
t > 0. We deﬁne ða; nÞ by Gðaþ nÞ=GðaÞ for n A Zb0. For x A fz A C; jzj < 1g and
a1; a2; a3; b1; b2 > 1, the generalized hypergeometric function 3F2 is deﬁned by
3F2
a1; a2; a3
b1; b2
; x
 
¼
Xy
n¼0
ða1; nÞða2; nÞða3; nÞ
ðb1; nÞðb2; nÞð1; nÞ
xn:
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Proposition 3.7. Let D be a 1-simplex fðu; vÞ A R2; 0a va 1; 0a ua vg. If
a; b; p; q > 0, b < 1, then we have
ð
D
ua1ð1 uÞb1vp1ð1 vÞq1 dudv
¼ Bðaþ p; qÞ
a
lim
t!10
t A R
3F2
a; 1 b; aþ p
1þ a; aþ pþ q ; t
 
:
Proof. Using the equation
ð v
0
ua1ð1 uÞb1 du ¼
ð v
0
Xy
n¼0
ua1
b 1
n
 
ðuÞn du
¼
Xy
n¼0
ð1 b; nÞ
ð1; nÞ
ð v
0
unþa1 du;
we compute as follows:
ð1
0
vp1ð1 vÞq1
ð v
0
ua1ð1 uÞb1 dudv
¼
ð1
0
vp1ð1 vÞq1
Xy
n¼0
ð1 b; nÞ
ð1; nÞ
ð v
0
unþa1 du
¼
Xy
n¼0
ð 1
0
vaþpþn1ð1 vÞq1 ð1 b; nÞð1; nÞ
1
aþ n dv
¼
Xy
n¼0
Bðaþ pþ n; qÞ ð1 b; nÞð1; nÞ
1
aþ n
¼
Xy
n¼0
Gðaþ pþ nÞGðqÞ
Gðaþ pþ qþ nÞ
ð1 b; nÞ
ð1; nÞ
1
aþ n
¼ Gðaþ pÞGðqÞ
aGðaþ pþ qÞ
Xy
n¼0
a
aþ n
Gðaþ pþ qÞ
Gðaþ pþ qþ nÞ
Gðaþ pþ nÞ
Gðaþ pÞ
ð1 b; nÞ
ð1; nÞ
¼ Bðaþ p; qÞ
a
lim
t!10
t AR
3F2
a; 1 b; aþ p
1þ a; aþ pþ q ; t
 
: r
From this proposition, we have
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Lemma 3.8.
xr; s; l;m ¼
N 2
Ð
g
fr; s fl;m
BNr; sB
N
l;m
¼ NB
N
rþl;m
rBNr; sB
N
l;m
lim
t!10
t AR
3F2
r=N; 1 s=N; ðrþ lÞ=N
1þ r=N; ðrþ l þmÞ=N ; t
 
:
4. A Nontrivial Algebraic Cycle in JðFð6ÞÞ
In this section, we consider only the case N ¼ 6. We compute some value of
the harmonic volume for the Fermat sextic Fð6Þ. This tells the nontriviality of the
algebraic cycle Fð6Þ  Fð6Þ in JðFð6ÞÞ. We have the genus of Fð6Þ is equal to
10 and for; sgr; sb1; rþsa5 is a basis of H 1;0 of Fð6Þ. For the rest of this paper,
we denote z ¼ z6 and R ¼ Z½z. Proposition 3.2 gives that a set of loops
fg0;0; g0;1; . . . ; g0;4; g1;0; g1;1; . . . ; g1;4; g2;0 . . . ; g3;0; g3;1; . . . ; g3;4g may be considered
as a basis of the integral homology group H1ðFð6Þ;ZÞ of F ð6Þ. Let
P:D: : H 1ðFð6Þ;CÞ ! H1ðF ð6Þ;CÞ be the Poincare´ dual.
Lemma 4.1. Let Li;k be a linear combination
P5
n¼0 z
nkgi;n in H1ðFð6Þ;CÞ.
Then we have
P:D:ðo1;1Þ ¼ 1
122
fð60 13zÞL0;1ð1549zÞL1;1 ð4351zÞL2;1ð5021zÞL3;1g:
Proof. Since bðgi; jÞ ¼ gi; jþ1 as a homology class, we obtain
bLi;k ¼ zkLi;k:
We have
bðP:D:ðo1;1ÞÞ ¼ P:D:ððb1Þo1;1Þ ¼ z5P:D:ðo1;1Þ:
Since bLi;1 ¼ z5Li;1, there exist constants l0; . . . ; l3 A C such that P:D:ðo1;1Þ ¼P3
i¼0 liLi;1. The result follows from Proposition 3.4 and the equationsð
g0; 0
o1;1 ¼ ðP:D:ðo1;1Þ; g0;0Þ ¼
X3
i¼0
liðLi;1; g0;0Þ ¼ ðz5 zÞl0þ ðz 1Þl1;
ð
g1; 0
o1;1 ¼ ðP:D:ðo1;1Þ; g1;0Þ ¼
X3
i¼0
liðLi;1; g1;0Þ ¼ ð1 zÞl0þ ðz5 zÞl1þ ðz 1Þl2;
ð
g2; 0
o1;1 ¼ ðP:D:ðo1;1Þ; g2;0Þ ¼
X3
i¼0
liðLi;1; g2;0Þ ¼ ð1 zÞl1þ ðz5 zÞl2þ ðz 1Þl3;
ð
g3; 0
o1;1 ¼ ðP:D:ðo1;1Þ; g3;0Þ ¼
X3
i¼0
liðLi;1; g3;0Þ ¼ ð1 zÞl2þ ðz5 zÞl3: r
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Let
Ð
Li; k
or; sol;m denote
P5
n¼0
znk
Ð
gi; n
or; sol;m.
Lemma 4.2. For i ¼ 0; . . . ; 3, we have
ð
Li; 1
o1;2o1;3 ¼ 6 z2ið1þ zÞðx1;2;1;3  1Þ  z i
 
:
Proof. By Theorem 3.6, it is easy to compute
ð
gi; n
o1;2o1;3 ¼ z2inð1þ zÞðx1;2;1;3  1Þ þ 2ð1 z2nÞz iþ3nð1 zÞ
 ð1 z3nÞz iþ2nð1 2zÞ:
Using this equation, we obtain the result in a straightforward way. r
Theorem 4.3. Let F ð6Þ be the Fermat sextic. Then, the cycle F ð6Þ  F ð6Þ is
not algebraically equivalent to zero in JðFð6ÞÞ.
Proof. By the deﬁnition of the harmonic volume IR, we have
IRðo1;2no1;3no1;1Þ1
X3
i¼0
li
ð
Li; 1
o1;2o1;3 mod R:
Using Lemma 4.1 and 4.2, we obtain
2IRðo1;2no1;3no1;1Þ1 6
61
fð42 3zÞx1;2;1;3  95þ 46zg mod R;
and denote it by a. By Lemma 3.8 and the numerical calculation (Figure 1 in
Appendix), we obtain the value
2<ðaÞ1 6
61
ð81x1;2;1;3  144Þ1 0:74286G 1 105 mod Z:
The result follows from Theorem 2.2 and the lemma
2<ðaÞ B Z) a B Z½z: r
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5. Appendix
We introduce the Mathematica program [11] in the proof of Theorem 4.3.
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Figure 1. A numerical calculation program in the proof of Theorem 4.3
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